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Abstract. A Motzkin path of length n is a lattice path from (0, 0) to (ra, 0) in the plane integer 
lattice Z x Z consisting of horizontal-steps (1,0), up-steps (1,1), and down-steps (1,-1), 
which never passes below the x-axis. A u-segment (resp. h-segment ) of a Motzkin path 
is a maximum sequence of consecutive up-steps (resp. horizontal-steps). The present paper 
studies two kinds of statistics on Motzkin paths: "number of u-segments" and "number of 
/i-segments" . The Lagrange inversion formula is utilized to represent the weighted generating 
function for the number of Motzkin paths according to the statistics as a sum of the partial 
Bell polynomials or the potential polynomials. As an application, a general framework for 
studying compositions are also provided. 
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A Motzkin path of length n is a lattice path from (0, 0) to (n, 0) in the plane integer lattice 
. ZxZ consisting of up-steps u = (1, 1), horizontal-steps h = (1,0), and down-steps d = (1,-1). 

Denote by the set of Motzkin paths of length n. Let denote the set of Motzkin 

paths of length n (i.e. n = 2m + k) with m up steps and k horizontal steps and S> m denote 
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1. Introduction 



the set of Dyck paths, namely, Motzkin paths in Let P be any Motzkin path in 

^# n , a u-segment (resp. h-segment ) of P is a maximum sequence of consecutive up-steps 
(resp. horizontal-steps) in P and define Ui{P) (resp. hi(P)) to be the number of ^-segments 
(resp. /i-segments) of length i in P and call P having the u-segments (/i-segments) of type 
l ui(P) 2 u2(P) . . . ( resp . 1 h 1 (P) 2 h2(P) . . . y 

In two previous papers[15, TBJ, we study two kinds of statistics on (^-generalized) Dyck paths: 
"number of n-segments" and "number of internal it-segments". In this paper, we consider 
the statistics "number of tt-segments" and "number of /i-segments" . In order to do this we 
present two tools we will use: the Lagrange inversion formula and the potential polynomials. 

Lagrange Inversion Formula [19]. If f(x) = Yln>i fn% n with /i ^ 0, then the coefficients 
of the composition inverse g(x) of f(x) (namely, f(g(x)) = g(f(x)) = x) can be given by 

(1-1) [^M^) = -[x"- 1 ]( 7 f-)". 

More generally, for any formal power series <&(x), 
(1.2) [x n Mg(x)) = I[^- 1 ]d>'(x)(-^)", 

for all n > 1, where $>'(x) is the derivative of $(x) with respect to x. 

i 
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The Potential Polynomials [8, pp. 141,157]. The potential polynomials Pn related to a 
given sequence (f n )n>l are defined for each complex number A by 

n>l ^ n>l J 

which can be represented by Bell polynomials 

(1.3) P W=pW(/ 1 ,/ 2 ,/ 3 ,...)= Q^/iJ^/s,...), 
or if A = r is a positive integer, then 

(1.4) PW = pW(/i, / 2 , /a, • • • ) = ^ r ) 2/i, 3/ 2 , 4/ 3 , . . . ), 

where B nj ,(xi,X2, • • • ) is the partial Bell polynomial on the variables {£j}j>i [3j, which has 
the explicit formula 



(1.5) B n>r (xi,X2, ■ • •) = ^2 

cr n (r) 



n\r 2 \---r n \ \ \2\) " AnT 



where the summation <r n (r) is for all the nonnegative integer solutions of n + r 2 + • • • + r n = r 
and ri + 2r2 + • • • + nr n = n. 

In this paper, using the Lagrange inversion formula, we can represent the generating functions 
for the number of Motzkin paths according to our statistics (see Sections 2) as a sum of partial 
Bell polynomials or the potential polynomials, for example 

E n*r (p) lK i(p) 



k k 

i=o 



1\ /m + A P^ +i+1) (l!ti,2!i 2 , • • • ) flB M (l!ai, 2!s 2 , • • • ) 



i/ \ 3 J (m + 1)! fc! 



Many important special cases are considered which generate several surprising results. As an 
application (see Section 3), compositions can be regarded as a kind of special Motzkin paths, 
which leads to a general framework to studying compositions by specializing the parameters. 
Moreover, in the last section we generalize compositions to matrix compositions. 

2. "u-SEGMENTS" AND " /l-SEGMENTS" STATISTICS 

We start this section by studying the ordinary generating function for the number of Motzkin 
paths of length n according to the statistics ui,u 2 , . . . and hi, h 2 , ■ ■ ., that is, 

M(x,y;t;s) = M(x,y,t l ,t 2 ,...;s 1 ,s 2 ,...) = £ x m y k £ ]Jtf P) ]]s^ P) . 

Proposition 2.1. T/ie generating function M(x,y;t;s) satisfies the functional recurrence 
relation 

(2.1) M(x,y;t;s) = /U) 



1 " W^) 



where T(x) = 1 + X^i>i S(y) = 1 + Si>i an d z = xM(x, y; t; s). 
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Proof. Let P := P(x,y;t;s) and Q := Q(x,y;t;s) be the ordinary generating functions for 
the set of Motzkin paths beginning with up-steps and with horizontal steps respectively, 
according to the statistics ui,U2, ■ ■ ■ and h±, /12, ■ ■ ■ ■ Then M(x, y; t; s) satisfies 

(2.2) M(x,y;t;s) = l + P + Q. 

Note that P(x,y;t;s) can be written as 

P{x,y; t;s) = ^ Pj(x, y; t; s), 
i>i 

where Pj(x,y; t;s) is the ordinary generating function for the number of Motzkin paths 
starting with j up-steps according to the statistics u\,U2,... and h±,h2,---. An equation 
for the generating function Pj(x, z;t;s) is obtained from the first return decomposition of a 
Motzkin path M starting with a u-segment of length j: either 

M = u j dP {j) d.. . dP (2) dP w or M = u j Q {j+1) dP U) d . . . dP 2 dP 1 , 

where pW, . . . ,P^> are Motzkin paths and Q^ +1 ' is a Motzkin path beginning with hori- 
zontal steps, see Figure HJ 



P U) 




\ y — s. 



p(4) 



3(1) 



Figure 1 . First return decomposition of a Motzkin path starting with exactly 
j up-steps. 



Thus Pj(x,y;t) = (1 + Q)xHjM^(x, y; t; s). Hence, _P(x, y; t; s) satisfies 

(2.3) P(x,y;t;s) = (1 + Q) £ t^M\x, y; t; s). 

Similarly, one can derive that Q(x,y;t;s) satisfies 

(2.4) Q(x,y;t; S ) = (l + P)J2^y J - 

Define T(x) = 1 + £.>i t^, 5(y) = 1 + ^>i ^ and z = xM{x, y; t; s). By fl22J-fl23J, one 
can deduce (|2.ip . as required. □ 



Theorem 2.2. For any integers n,m,k > 0, there holds 



e iK' (P, n 



fc A; 



, ^ + A p£T +J+1) (Uti, 2!t 2 , • • • ) ^!B M (1! S1 , 2!s 2 , ■ 



3/ \ 3 



(m + 1)! 



j=0 £=j 

Proof. Applying the Lagrange inversion formula (jl.2p to (|2.ip . by the identity 



(2.5) 



£(-i)< 



j=0 
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we obtain 



E II *i II V = V]^*, y; t; s) = [x^y k ]z 

m+l 



1 r m fel J -^X^O 



i T t( ra ; i ) tiV|rw " w { £ w i r 

i— n i— n \ / V / 



m + _ 

j=0 

/'// + 



j=0 i=0 

* /m + A Pg^(l!^2!^ ' /A P^>(l! ai ,2! 82 ,-) 
^\ J J (m+l)! ^ j W fcl 

* /m + A P<™ +j+1) 2!t 2 , • • • ) * iyt / A ^ /-A l!B M (l! Sl , 2!s 2 , • • • ) 
j=o V i / (m + 1)! i=o \i/ \ £ ) k\ 

" /m+ A PL m+j+1) (l!ti,2!t 2 ,-) * ^!B M (l! Sl ,2! S2 ,---) ^ ,/j 
j (m + l)! ^ ft! ^ j U 

A /m + A P^ +i+1) (l!t 1 ,2!t 2 ,---) * £!B M (l! Sl ,2! S2 ,---) /I - 1 

J / (^ + 1)! ^ fc! 1 j U-J 

V f/_nH ^ - A /m + A P^ +i+1) 2!t 2 , • • • ) l!B M (l! Sl , 2! S2 , • • • ) 

Ut*j v-j)\ 3 J (m + l)! k\ 

as claimed. □ 

Let •^I"'! e be the subset of with r number of u-segments and I number of /i-segments. 

Note that B mjr (l!gii,2!ot 2 ,---) = <f B m>r (l!ti, 2!i 2 , • • • ) by ([O]) . combining {L3|) and ([275|> . 
Then Theorem 12.21 produces 

Corollary 2.3. For any integers n, m, r,k,£ > 0, i/iere ZioMs 

e ik* (p) n ^ (p) = ^ffv Bm --( i! * 1 ' 2!t2 ' • • • ) b m(u-i. 21^, • • • ) , 

n,r,£ 

where 

k 



j=0 

Recall that 

B m , r ( 3;i ,x 2 ,-)= E ri!r2! ... rm! luJ (zfj -te 

<Xm(V) 

where the summation <7 m (r) is for all the nonnegative integer solutions of ri+r 2 + - • -+r m = r 
and ri + 2r 2 + • • • + mr m = m. 

If comparing the coefficient of t^ 1 i 2 2 ■ • • tf™ s^ 1 s 2 2 ■ • • s, fc in Corollary 12. 3\ one can obtain that 
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Corollary 2.4. The number of Motzkin paths in ^f™' \ with a number r of u-segments of 



type l ri 2 r2 ■ ■ ■ m Trn and a number £ of h-segments of type l*i2 2 ■ • ■ k ik 



1 



m + 1 Vri,r 2 , • • • ,r m J • • • ,4 



m,k 



Next, specialization for T(x) and S(y) are considered, which generate several interesting 
results, as described in Examples I2.5H2.61 

Example 2.5. Let T(x) = e x ,S(y) = e y , that is, ti = Sj = l/i\ for all i > 1. And Stirling 
numbers S(k,i) of the second kind satisfy (e x — l) l /il = ]Cfc>j S(k, i)x k /kl. Then Theorem 
[Ql gives 

e n{%^ -h-^W*%^* 



iVote f/ia£ B fcj j(l, 1, 1, • • • ) = 5(fc,i) [8, pp.135], &?/ Corollary\KM we have 

e n I - s^^-.'W.')- 



Example 2.6. Let T{x) = f(x),S(y) = g{y), where f(x),g(y) are the generating function 
for the complete b-ary and d-ary plane trees (see, for instance, |12j and [111 pp. 112-113],), 
which satisfies the relations f(x) = 1 + xf b {x) and g{y) = 1 + yg d {y) respectively. By the 
Lagrange inversion formula one can deduce ti = -^rf and Si = g^U- ( dl ^ 1 ) ■ Then 

Theorem \2.S\ leads to 

e nl^mrV 1 



. bi + 1 V i / J I rf« + 1 V i 

1 ( m ~\~ 3\ m + j + 1 ( (b + l)m + j + 1\ dj — j fdk — j 



-Y . . . . 

m + 1 V J / + l) m + J + 1\ m J dk — j \ k — j J 

which, in the case d = 1, generates 

IT/ 1 ^ i + 1 A\ Ul(P) _ 1 /m + £; + 1\ /(£> + l)m + /c + 1 

^ 111 W+l V » Ji ~ (6 + l)m + fc + l V fc /V m 

re 

Recently, Abbas and Bouroubi [1] derived two new identities for Bell polynomials, that is, 

Lemma 2.7. Let f(x) = 1 + Xa>i ^ e an 2/ analytic function about the origin and define 
fm(i) = D m [f(x)] l \ x= o, where D is the differential operator d/dx. Then for any integers 
m > r > 1, there holds, 

(m — 1 \ 
r _\fm-r{m). 

Lemma 2.8. Let {4> n (x)}n>o be a binomial sequence. Then for any integers m > r > 1, 
there holds, 

(2.7) B TOir (l,2^ 1 (l),3<Ml)r--)= ( r )&n-r(r). 
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Recall that a sequence of polynomials {<f> n ( x )}n>0 with <f>o(x) = 1 is called binomial if 

<t>n(x + y) = ( • ) M x )4>n~i(y), 

or equivalently, there exists a power series X(u) = J2i>i ^i u% with Ai ^ such that 

u n 

E^nW— r = exp (xA(it)). 
n! 

n>0 

For examples, the following binomial sequences are well known |18j . 

• Power polynomials <j) n {x) = x n ; 

• Factorial polynomials (f) n (x) = x{x + 1) • • • (x + n — 1); 

• Abel polynomials <p n {x) = x(x — qn) n ~ l for fixed g; 

• Exponential polynomials 4> n (x) = Ya=o S( n , i)x l ■ 

Let *i = S l^X)} and Si = £i TT^' where 9m(i) = D m [g(x)] l \ x=0 and g(x) = 1 + Ei>i ff^j 
using (jl.4p and (|2,5p , by Theorem 12.21 and Lemma 12.71 one can deduce that 

Corollary 2.9. For any integers n,m,k > 0, there holds 

e nlf^r'V^^ 



Pe., 



m.k j>l v ' ' j>l 



V Vf-n^' f ^ 9k-e(k) j(m + j + 1) /m + j\ f m (2m + j + 1) 
' \j) (k-i)\k(2m + j + l)\ j J (m + 1)! 



j=0 1=3 

which, in the case g m {i) = („) m ' S or a ^ * — 1? ^2/ ^ e identity 

f2q s V n f /i(i+l) ]" j(P) l /m + fc + i y m (2m + fc + l) 

™m>U(* + 1 ) ! ) 2m + A; + lV k J ml 

Example 2.10. Let f r (x) = ^2 i>Q (ri + which is the exponential generating function 

for rooted complete r-ary labeled trees for r > and satisfies the relation f r (x) = e x ^ x ' . By 
the Lagrange inversion formula, one can deduce /rm(^) = i(rm + i) m_1 . Then \2.U\) produces 



e n 



((r + l)i + I) 4 ' 1 1 Ul[P) (m + k + l\ ((r + 2)m + k + l) m ~ l 



k I m\ 



Let ti = ^jp- and Si = %jjrr ? where {0 n (^)}n>o and {V'n(^)}n>o are binomial sequences, 
using (|1.4j) and (|2.5p , by Theorem 12.21 and Lemma \2.8\ one can deduce that 
Corollary 2.11. For any integers n,m,k > 0, there holds 

e nm" P, n f *- i(1)lMP> 



i>l 



k k 



i=0 £=i 
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Example 2.12. Corollarv \2.11l in the case ip n (x) = x(x + l) • ■ ■ (x+n—1), by 12. 8\) , produces 

(om\ ST TT [ Ml) 1 "' (P) _fm + k\ m (m + k + 1) 

P *! J "V k ) (m + 1)! • 

In addition, let 4> n {x) = x(x — qn) n ~ l for fixed q. Then 112. 1 0\) generates 



(1 - gi)^ 1 \ ni(P) /m + fc + lA ((1 - g)m + it + l)™" 1 



y n, 

^— ' 11 I i! J V k J ml 

which, in the case q = — (r + 1), coincides with Example \2.1(K 

Let 4> n (x) = Ya=o S( n i i) xl 7 which implies 4> n {l) is the n-th Bell number B n . Then 112. 1 0\) 
produces 



PG./, 



i\ ) \ k J (m + 1)! 



3. Special Motzkin paths: Compositions 

A composition of nonnegative integer A into j parts is an ordered sequence Ai, A2, . . . , Xj of 
length j such that A = Ai + A2 + • • • + Xj with each Aj > 0. Each Aj is called the i-th summand 
of the composition. Compositions are well known combinatorial objects [21 [5j [8] and several 
of their properties have been discussed in some recent papers, as in [H [9j QUI 13 [HI [T7] . 

A composition can be regarded as a special Motzkin path if each summand Aj is replaced by 
u^d Xi when Aj > 1 and by a h when Aj = 0. A u-segment or /i-segment of a composition is 
defined to be that of its corresponding Motzkin path. 

Let ^m,A;j denote the set of compositions of m with j parts and k zero summands, so any 
C € ^ m ,k,j has j — k u-segments. Define the ordinary generating functions for weighted 
compositions according to the statistics U\, u%, . . . and hi, h,2, ■ ■ ■ as follows 



C s (x,y;t;s) = £ xV £ n^n^ 



C(x,y;t;s;q) = Cj{x,y;t;s). 
Proposition 3.1. The explicit formula for C(x,y ;t;s;q) is 

S(gy) 



(3.1) C(x,y;t;s;q) 



t + qS{qy) -qS{qy)T{xY 
where T(x) = 1 + X)i>i kx\ S{y) = l + Yn>i s iV l - 

Proof. A recurrence relation for Cj(x,y; t;s) can be derived as follows 



,1 



Cj(x,y;t;s) = Sjy J + ^Sj^y ] l Ci-i(x, y; t; s)(T(x) - 1) 



i=l 
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for j > 1 and Co(x,y;t;s) = 1 if one notices that a composition begins with a /i-segment of 
length i for < i < j or a u-segment of length r for r > 1. Then 



C(x,y;t;s;q) = ^ ^(^(x, y; t; s) 



j>0 



= 1 i +^^_^~ J Q_ 1 (x,y;t;s)(T( a; ) - 1) \ 

j>i { i=i J 

= S(qy)(l + q(T(x) - l)C(x, y; t; s; q)), 

which leads to (1531). □ 



Theorem 3.2. For any integers m, k,j > 0, there holds 

v- tt ^Ott hi( o _ P ( t k+1) 2!g 2 , • • • ) (J ~ fc)!B m , 3 -_ fc (l!ti, 2!t 2 , 



s 4 

ce'C.tj »>i »>i 



Proof. By the definition of potential polynomials and (|3.1|) . using the identity 

where 6 r ,j-k is the Kronecker symbol, we have 

E IK I(C) IK (C) = [^V]C(x, y; t;s;q) 

g(gy) 

i + qS(<iy) - qS{qy)T(x 



[x m ( g y) fc ]5W- fe+1 (T(x) - l)^ fe = [(gy) fc ]5to) J - fc+1 [x m ](T(x) - 1)^ 

2=0 \ 1 J 

Pt k+1) (11*1, 2!*2, • • • ) , ft " *\ P^" -0 (11*1, 2!*2, • • • ) 





fc! 




p(i-* + l) ( 






_ pr fc+i) ( 


fc! 


21^2, •••) 


_ pr fc+i) ( 


fc! 

l!si,: 


2!a 2 ,...) 



mi 

i=0 

E^iw(iB I ,2B i ,...)B-i)«( , ';*)( , '-;- i ) 



2 

i=0 v ' r=0 

m . j—k 



r=0 i=0 



kl ml 
as claimed. □ 

Remark: Theorem \3.S\ provides a unified method to investigate compositions. This very gen- 
eral framework can be applied to many special cases by specializing the parameters. For 
examples, let T{x) = — x r , i.e., U = 1 except for t r = for i > 1, then Theorem \3.2\ 
in the case k = leads to compositions without occurrences of r [7j; More generally, let 
T(x) = l + J2ieA xl > where A is a given set of positive integers, then Theorem \3.2\ in the case 
k = leads to compositions with summands in a given set [S] . 
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Recall that any C € ^ m: k,j has j — k u-segments. Let < ^ lfc j be the subset of r To m ,,k ) j with 
£ number of /j-segments. Note that B m)r (l!gti, 2lqt2, ■ • •) = g r B mjr (l!ti, 2H2, • • • ) by (jl.5p . 
combining (II, 3p with Theorem 13.21 we have 



Corollary 3.3. For any integers m,k,£> 0, there holds 




Using (jl.5p and then comparing the coefficient of t r 2 2 ' ' ' %T ^1 s i 2 " ' s k k m Corollary 13.31 
one can obtain that 



Corollary 3.4. The number of compositions in k ■ with u-segments of type l ri 2 T2 ■ ■ ■ rriF' 
and h-segments of type 1^2^ 2 ■ ■ ■ k h is 



(j-k + l\( J-k \f £ \ 



4. Matrix Compositions 



An matrix composition of nonnegative integer m is a p x j matrix M with nonnegative entries 
such that m is the sum of entries of M for some p, j > 0. For any p x j matrix composition M, 
each row of M can be regarded as a special Motzkin path, just as the case p = 1 considered 
in Section 3. 

Recall that Cj(x, y;t;s) is the ordinary generating functions for weighted compositions with 
j parts according to the statistics ux,u%,... and hx,h>2,---- Then the ordinary generating 
functions for weighted p x j matrix compositions according to the statistics u±,U2,--- and 
hi,h 2 , ■ ■ ■ is just C p Ax, y; t; s). From Proposition 13.11 one can deduce easily that 



However, it seems that the coefficients of [x m y fc ] in Cj(x, y; t; s) have no simple explicit 
formulas. For the sake of this, we can consider a kind of special matrix compositions, called 
bipartite matrix compositions, namely, each row has the type (ai, 02, . . . , Oj, 0, . . . , 0) for some 
< i < j, where a%, ■ ■ ■ , a% > 1. If 01 = • • • = Oj = 1, then we call it a bipartite (0, l)-matrix. 
Let & m ,p,j denote the set of p x j bipartite matrix compositions of m and let B p j(x; t) denote 
the ordinary generating functions for weighted p x j bipartite matrix compositions according 
to the statistics u%, u 2 , . . ., that is, 



Proof. For any 1 x j bipartite matrix compositions, it has the type (01 , 02, • • • , (H, 0, . . . , 0) 
for some < i < j, where a±, a2, ■ ■ ■ , ai > 1, then each a r has the weight t ar which is a term 





Proposition 4.1. The explicit formula for B Pt j(x;t) is 



(4.1) 




where T(x) = 1 + Y^i>i t i x ' '■ 
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of T{x) — 1. Hence we have 

Then by the relation B p j(x;t) = Bij(x;t) p , we obtain (|4.ip . □ 
Theorem 4.2. For am/ integers m,p,j > 0, i/iere /ioWs 



t^-f (-i) , ©(* +r_ *J" 1) - 1 )- 



i=0 

Proof. Similar to the proof of Theorem 13.21 we have 

i-{(T(x)-i)p+n p 



e n*r (fl) =^ m ]^(^t)=^ m ]{- 



1 - {(T(x) - 1)} 



ED-^f''",^ 11 " 1 )™- 1 ^ 

, — n n \ / \ f / 



r=0 i=0 

HB^l!^!^,---) 



E ^pj>' 



r=0 

as claimed. □ 

Let £$m,p be the subset of ^ m .%>.j with r number of nonzero entries. Note that B mjr (llgii, 2!gi2> 
q r "B rrijr (l!ti, 21*2, • • • ) by (jl.5p . combining (jl.3p with Theorem 14.21 we have 

Corollary 4.3. For any integers m,p,j,r > ; i/iere ZioWs 

e 

Using (|1.5p and comparing the coefficient of t^t^ 2 ■ ■ ■ t 7 ^ in Corollary 14.31 one can obtain that 

Corollary 4.4. The number ofpxj bipartite matrix compositions ofm in &m,p with nonzero 
entries of type l ri 2 r2 ■ ■ ■ m Tm is 

r \ r-v j AA A> + r — i(j + 1) — 1 N 



Ui (B) _ r!B m|T .(l!ii,2!t 2 ,---)^p,j,r- 



)?(-<)(' +r -*r 1, - l > 



Example 4.5. Lei T(x) = 1 + x, then Theorem \4-S\ signifies that the number ofpxj bipartite 
matrix compositions of m with nonzero summands 1 or, in other words, of p x j bipartite 
(0,1) -matrices with m ones is counted by U p j tm . Specializing to p = m + 1, we have 

[_"*_] 

w-g(-<r)c-* +i) )- 

Note that the number ^WC^m+lj,m counts the unlabeled plane trees on m + 1 vertices in which 
every vertex has outdegree not greater than j. Klarner [32] first considered this problem, which 
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was solved by Chen [6] and later by Mansour and Sun [15]. Then it is clear that U m+ ij, m 
counts the unlabeled double rooted plane trees on m + 1 vertices in which every vertex has 
outdegree not greater than j. We leave it as an open problem to find the bijection between 
these two settings. 
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